Abstract. Hom and Wu introduced a knot concordance invariant called ν + , which dominates many concordance invariants derived from Heegaard Floer homology. In this paper, we give a full-twist inequality for ν + . By using the inequality, we extend Wu's cabling formula for ν + (which is proved only for particular positive cables) to all cables in the form of an inequality. In addition, we also discuss ν + -equivalence, which is an equivalence relation on the knot concordance group. We introduce a partial order on ν + -equivalence classes, and study its relationship to full-twists.
1. Introduction
Full-twist inequality for ν
+ -invariant. The ν + -invariant is a non-negative integer valued knot concordance invariant defined by Hom and Wu [4] . The ν + -invariant dominates many concordance invariants derived from Heegaard Floer homology, in terms of obstructions to sliceness. In fact, Hom proves in [3] that for a given knot K in S 3 , if both ν + (K) and ν + (−K) are zero, then all invariants τ , ν, V k , γ, ε, d(S In this paper, we give a full-twist inequality for the ν + -invariant. To state the inequality, we first describe full-twist operations. Let K be a knot in S 3 and D a disk in S 3 which intersects K in its interior. By performing (−1)-surgery along ∂D, we obtain a new knot J in S 3 from K. Let n = lk(K, ∂D). Since reversing the orientation of D does not affect the result, we may assume that n ≥ 0. Then we say that K is deformed into J by a positive full-twist with n-linking, and call such an operation a full-twist operation. The main theorem of this paper is stated as follows. (Here # denotes connected sum.) Theorem 1.1. Suppose that a knot K is deformed into a knot J by a positive full-twist with n-linking. If n = 0, then ν + (J#(−K)) = 0. Otherwise, we have
Remark. For any coprime p, q > 0, let T p,q denote the (p, q)-torus knot. Then we note that ν + (T p,q ) = (p − 1)(q − 1)/2 [4, 12] , and hence the inequality in Theorem 1.1 implies ν + (T n,n−1 #K#(−K)) ≤ ν + (J#(−K)) ≤ ν + (T n,n+1 #K#(−K)).
Since both T n,n−1 #K and T n,n+1 #K are obtained from K by a positive full-twist with n-linking, the inequalities are best possible.
Here we note that Theorem 1.1 gives an inequality for J#(−K) rather than J and K. However, by subadditivity of ν + [1] , we also have the following result for J and K. Theorem 1.2. Suppose that K is deformed into J by a positive full-twist with n-linking. If n = 0, then ν + (J) ≤ ν + (K). Otherwise, we have
Furthermore, we can use Theorem 1.2 to obtain the following lower bound for the ν + -invariant of all cable knots (including negative cables).
Theorem 1.3. For any knot K and coprime integers p, q with p > 0, we have
where K p,q denotes the the (p, q)-cable of K. satisfies
Note that Wu proves in [15] that the equality holds in the case where p, q > 0 and q ≥ (2ν
Hence Theorem 1.3 partially extends his result to arbitrary cables. Furthermore, Theorem 1.3 also enables us to extend Wu's 4-ball genus bound for particular positive cable knots to all positive cable knots.
, then for any coprime p, q > 0, we have
As an application, for instance, we can determine the 4-ball genus for all positive cables of the knot T 2,5 #T 2,3 #T 2,3 #(−(T 2,3 ) 2,5 ). This example is used in [4] to show that ν + = τ . Remark that the τ -invariant cannot determine the 4-ball genus for any positive cable of the knot. Also note that this generalizes [4, Proposition 3.5] and Wu's result in the introduction of [15] .
1.2.
A partial order on ν + -equivalence classes. Let C denote the knot concordance group. For two elements x, y ∈ C, we say that x is ν + -equivalent to y if the equalities ν + (x − y) = 0 and ν + (y − x) = 0 hold. In [3] , Hom proves that ν + -equivalence is an equivalence relation and the quotient has a group structure as a quotient group of C (we denote it by C ν + ). Furthermore, it follows from [3, Theorem 1] that the invariants τ, Υ, V k , ν + and d(S 3 p/q (·), i) are invariant under not only knot concordance but also ν + -equivalence. In particular, we can regard these invariants as maps The second aim of this paper is to introduce a partial order on C ν + and discuss its relationship to full-twists. The precise definition of the partial order is as follows.
Definition. For two elements x, y ∈ C ν + , we write x ≤ y if ν + (x − y) = 0.
Note that the equality in the above definition is one of the equalities in the definition of ν + -equivalence, and so this partial order seems to be very natural. In fact, we can prove the following proposition. Proposition 1.5. The relation ≤ is a partial order on C ν + with the following properties;
(1) For elements x, y, z ∈ C ν + , if x ≤ y, then x + z ≤ y + z.
p/q (·), i) preserve the partial order. Here the third assertion in Proposition 1.5 implies that there are many algebraic obstructions to one element of C ν + being less than another. On the other hand, the following theorem establishes similar obstructions in terms of geometric deformations. Theorem 1.6. Suppose that K is deformed into J by a positive full-twist with n-linking.
(
+ -equivalence class of a knot K, and the symbol > means x ≥ y and x = y for elements x, y ∈ C ν + .
In the above theorem, we can see that only the case of n = 2 tells us nothing about the partial order. This follows from the fact that Theorem 1.1 gives 0 ≤ ν + (x − y) ≤ 1 for n = 2 and hence we can show neither ν + (x − y) = 0 nor ν + (x − y) = 0. We also mention the relationship between our partial order and satellite knots. Let P be a knot in a standard solid torus V ⊂ S 3 with the longitude l, and K a knot in S 3 . For n ∈ Z, Let e n : V → S 3 be an embedding so that e(V ) is a tubular neighborhood of K and lk(K, e n (l)) = n. Then we call e n (P ) the n-twisted satellite knot of K with pattern P , and denote it by P (K, n). Furthermore, if P represents m times generators of H 1 (V ; Z) for m ≥ 0, then we denote w(P ) := m. It is proved in [5, Theorem B] that the map [K] ν + → [P (K, n)] ν + for any pattern P with w(P ) = 0. We extend their theorem to all satellite knots, and show that those maps preserve our partial order. Proposition 1.7. For any pattern P and n ∈ Z, the map P n :
is well-defined and preserve the partial order ≤.
By Proposition 1.7, we obtain infinitely many order-preserving maps on C ν + which have geometric meaning. Now it is an interesting problem to compare these satellite maps. Theorem 1.6 tells us the relationship among the maps {P n } n∈Z for some particular patterns. Corollary 1.8. Let P be a pattern.
(1) If w(P ) = 0 or 1, then the inequality P m (x) ≥ P n (x) holds for any integers m < n and x ∈ C ν + . (2) If the geometric intersection number between P and the meridian disk of V is equal to w(P ) and w(P ) ≥ 3, then P m (x) < P n (x) for any m < n and x ∈ C ν + .
1.3.
The idea of proofs: study of slice knots in CP 2 . In this subsection, we explain the idea of our proof of Theorem 1.1. We start from an interpretation of full-twist operations in 4-dimensional topology.
When a knot K is deformed into a knot J by a positive full-twist with n-linking, we can see that the knot J#(−K) bounds a disk D in punc CP 2 . (Here, for a closed 4-manifold X, punc X denotes X with an open 4-ball deleted.) In particular, the disk D represents n times a generator of H 2 (punc CP 2 , ∂(punc CP 2 ); Z) ∼ = Z. In this situation, we consider Ni-Wu's V k -sequence [7] .
for a generator γ and some integer n ≥ 0.
In fact, Theorem 1.1 is an immediate consequence of Proposition 1.9, and this proposition is much stronger than Theorem 1.1 when one wants obstructions to the existence of a positive full-twist between two knots. We will study the strength of Proposition 1.9 in future work.
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Preliminaries
In this section, we recall some invariants derived from Heegaard Floer homology. [10] introduced a Q-valued invariant d (called the correction term) for rational homology 3-spheres endowed with a Spin c structure. It is proved that the correction term is invariant under Spin c rational homology cobordism. In particular, the following proposition holds.
Correction terms. Ozsváth and Szabó
Proposition 2.1. If a rational homology 3-sphere Y bounds a rational homology 4-ball W , then for any Spin c structure s over W , we have
where s| Y denotes the restriction of s to Y .
2.2.
V k -sequence and ν + -invariant. The V k -sequence is a family of Z ≥0 -valued knot concordance invariants {V k (K)} k≥0 defined by Ni and Wu [7] . In particular,
. In [7] , Ni and Wu prove that the set {V k (K)} k≥0 determines all correction terms of the p/q-surgery along K for any coprime p, q > 0. Let S 
where O denotes the unknot and · is the floor function.
Here we modify the right hand side of the equality by using the fact that
In particular, for integer surgeries, we have the following formula.
Corollary 2.3. For any p > 0 and 0 ≤ i < p, we have
Proof of Proposition 1.9
In this section, we prove Proposition 1.9. We start from the following lemma. attached to h 0 along −K (see Figure 1 ). Let X := h 0 ∪ h 2 . Then X is a codimension 0 sub-manifold of CP 2 which satisfies;
In light of Proposition 2.2, Lemma 3.1 shows that the correction term of some Spin c structures over S We will determine the subset S. Let f p : {i | 0 ≤ i < p} → Q be a map defined by
. By Corollary 2.3, we can see that if an element i ∈ {0 ≤ i < n 2 } belongs to S, then f n 2 (i) must be an even integer. So we next observe when f n 2 (i) is an even integer.
Proof. We first assume that n is odd. It is easy to check that the following equalities hold;
Then the equality (1) implies that f n 2 (i) ∈ 2Z if i ∈ nZ, while the equality (2) implies that f n 2 (i) ∈ Z only if (i/n) 2 ∈ Z. Since (i/n) 2 ∈ Z if and only if i ∈ nZ, this proves Lemma 3.3 for odd n .
Next we assume that n is even. We can see that the following equalities also hold;
Let x = (i − n/2)/n. Then the equality (3) implies that f n 2 (i) ∈ 2Z if x ∈ Z, while the equality (4) implies that f n 2 (i) ∈ Z only if x + x 2 ∈ Z. Furthermore, it is not hard to verify that x + x 2 ∈ Z if and only if x ∈ Z. This completes the proof.
Now we have
However, for any n, the order of the rightmost set is n. This implies
Hence, combining the above three lemmas, we obtain the following lemma.
Lemma 3.4. Suppose that a knot K satisfies the assumption of Proposition 1.9 and n > 0. If n is odd, then we have
If n is even, then we have
Now let us prove Proposition 1.9.
Proof of Proposition 1.9. We first suppose that n = 0. Then, the knot K bounds a null-homologous disk in punc CP 2 , whose intersection form is negative definite. Such a knot is studied in author's paper [14] , and it is proved that V 0 (K) = 0. Hence the assertion (1) of Proposition 1.9 holds. To prove the other two assertions, we use the equality
which is obtained by Corollary 2.3. We first consider the case where n > 0 is odd and 0 ≤ j ≤ (n − 1)/2. Then the inequalities 0 ≤ nj ≤ n(n − 1)/2 < n 2 /2 hold, and hence the equality (5) and Lemma 3.4 give
This equality and the equality (1) prove the assertion (2) of Proposition 1.9.
We next consider the case where n > 0 is even and 0 ≤ j ≤ n/2 − 1. Then the inequalities 0 ≤ n/2 + nj ≤ n 2 /2 − n/2 < n 2 /2 hold, and hence the equality (5) and Lemma 3.4 give 0 = f n 2 ( n 2 + nj) − 2V n 2 +nj (K). This equality and the equality (3) prove the assertion (3) of Proposition 1.9.
Remark. We can prove Lemma 3.4 by taking suitable Spin c structures over CP 2 and restricting them to W . This alternate proof seems to be natural rather than the original proof, while the original proof also shows that any other correction term of S 
Proof of full-twist inequalities
In this section, we prove Theorem 1.1 and Theorem 1.2. We first prove Theorem 1.1.
Proof of Theorem 1.1. By the assumption of Theorem 1.1 and the definition of a full-twist operation, there exists a disk D in S 3 which intersects K in its interior, and after (−1)-surgery along ∂D, we obtain J from K. Consider a standard handle decomposition Figure 2) . Furthermore, the annulus A induces an annulus A in
, by gluing D with A along K#(−K), we have a disk D in ∂(CP 2 \Int h 4 ) with boundary J#(−K). Here we note that the disk D represents nγ ∈ H 2 (CP 2 \ h 4 , ∂(CP 2 \ h 4 ); Z) for a generator γ and n = lk(K, ∂D) ≥ 0. Now we can apply Proposition 1.9 to the pair (D , J#(−K)). In particular, if n = 0, then V 0 (J#(−K)) = 0, and we have
We consider the case where n is odd. Then for any 0 ≤ j ≤ n−1 2 , we have
In particular, the equality for j = (n−1)/2 gives V n(n−1)
2
(J#(−K)) = 0. Moreover, if n > 1, then the equality for j = (n − 3)/2 gives V n(n−3) 2 (J#(−K)) = 1. These imply that for n > 1, we have
On the other hand, if n = 1, then the equality V n(n−1)
We next consider the case where n is even and n > 0. In this case, Proposition 1.9 gives
In particular, the equality for j = n/2 − 1 gives V n 2 2 − n 2 (J#(−K)) = 0, Moreover, if n > 2, then the equality for j = n/2 − 2 gives V n 2 2 − 3n 2 (J#(−K)) = 1. These imply that for n > 2, we have
On the other hand, if n = 2, then the equality V n 2 2 − n 2 (J#(−K)) = 0 directly shows
This completes the proof
We next prove Theorem 1.2. To prove it, we use the following theorem.
Theorem 4.1 ([1, Theorem 1.4]).
For any two elements x, y ∈ C ν + , we have
Proof of Theorem 1.2. Under the assumption of Theorem 1.2 for n > 0, it follows from Theorem 1.1 and Theorem 4.1 that
On the other hand, if n = 0, we have
These complete the proof.
4-ball genus bound for positive cable knots
In this section, we prove Theorem 1.3 and Corollary 1.4. Before proving Theorem 1.3, we note that it has been proved in [15] that the equality in Theorem 1.3 holds for sufficiently large q relative to p. . Let K be a knot and p, q > 0 coprime integers with q ≥ (2ν
In our proof, we deform a given (p, q)-cable (with p > 0) into (p, np + q)-cable by n times positive full twists for sufficiently large n, and apply Wu's theorem to the (p, np + q)-cable.
Proof of Theorem 1.3. Without loss of generality, we can assume that p > 0. We can easily see that any cable knot K p,q (p > 0) is deformed into K p,p+q by a positive full-twist with p-linking. Hence, for any n > 0, by taking n times of such positive full-twists and applying Theorem 1.2, we have
Let n be a positive integer satisfying n ≥ 2ν
, and Theorem 5.1 gives
By combining the inequality (6) and the equality (7), we obtain the desired inequality.
Next we prove Corollary 1.4.
Proof of Corollary 1.4. Since one can construct a slice surface for K p,q from p parallel copies of a slice surface for K together with (p − 1)q half-twisted bands, we have the inequality
On the other hand, the assumption ν + (K) = g 4 (K) and Theorem 1.3 imply
A partial order on C ν +
In this section, we prove Proposition 1.5 and Theorem 1.6. We first prove Proposition 1.5.
We decompose Proposition 1.5 into the following three lemmas.
Lemma 6.1. The relation ≤ is a partial order on C ν + .
Proof. To prove Lemma 6.1, it is sufficient to show that the followings hold; for all x, y, z ∈ C ν + , we have
if x ≤ y and y ≤ z, then x ≤ z, and (3) if x ≤ y and y ≤ x, then x = y. Since ν + (x − x) = ν + (0) = 0, the condition (1) holds. We next prove the condition (3). Since the assumptions x ≤ y and y ≤ x imply that ν + (x − y) = 0 and ν + (y − x) = 0, representatives of x and y are ν + -equivalent, and we have x = y. To prove the condition (2), we use Theorem 4.1 again. The assumptions x ≤ y, y ≤ z and Theorem 4.1 imply that
This completes the proof.
Lemma 6.2. For elements x, y, z ∈ C ν + , if x ≤ y, then x+z ≤ y +z and −y ≤ −x.
Proof. Since ν + (x − y) = 0, we have
Proof. It is proved in [4] and [9, Proposition 4.7] that
for any x ∈ C ν + and t ∈ [0, 2]. Since τ and Υ are group homomorphisms, if x ≤ y, then we have
These imply that τ (x) ≤ τ (y) and −Υ x ≤ −Υ y . Furthermore, Theorem 4.1 implies that if x ≤ y, then
To consider V k , we use the following proposition.
Proposition 6.4 ([1, Proposition 6.1]). For any two elements x, y ∈ C ν + and any m, n ∈ Z ≥0 , we have
This proposition implies that if x ≤ y, then for any k ∈ Z ≥0 , we have
Finally we consider −d(S 3 p,q (·), i). By Proposition 2.2, we have
Hence if x ≤ y, then we have
Proof of Proposition 1.5. Proposition 1.5 immediately follows from the above three lemmas.
We next prove Theorem 1.6.
Proof of Theorem 1.6. First, suppose that n = 0 or 1. Then Theorem 1.1 shows
Next, suppose that n ≥ 3. Then Theorem 1.1 shows
Finally, suppose that n ≥ 3 and the geometric intersection number between K and D is equal to n. Take a small tubular neighborhood of D (denoted by ν(D)), and think of the intersection K ∩ ν(D) as a trivial braid with index n. Then J is obtained by replacing K ∩ ν(D) with the pure braid ∆ 2 n , where
(see [2, Section 10.5] ). In particular, the pure braid ∆ 2 n has only positive crossings (Figure 4) , and hence it can be deformed into the trivial braid only by changing positive crossing to negative crossing ( Figure 5 ). Such a crossing change is realized by a positive full-twist with 0-linking, as shown in Figure 6 . This implies that J is deformed into K only by positive full-twists with 0-linking. Hence, applying the above argument in the case of n = 0 repeatedly (and transitivity of the partial order), we have 
Results on satellite knots
In this section, we prove Proposition 1.7 and Corollary 1.8.
Proof of Proposition 1.7. Let P be a pattern in the standard solid torus V ⊂ S 3 . Note that for any integer n, if P n is a pattern obtained from P by performing (-1/n)-surgery along the boundary of the meridian disk of V , then P n (K, 0) is isotopic to P (K, n) for any knot K. Hence we only need to prove that P 0 :
is a well-defined order-preserving map for any pattern P . In this proof, we denote P (K, 0) simply by P (K).
Let −P ⊂ V denote the orientation reversed mirror of P . Note that −(P (K)) = (−P )(−K). In order to prove Proposition 1.7, it suffices to prove that for any two knots K and J satisfying V 0 (K#(−J)) = 0, the equality
By handle calculus, the knot P (K)# −P (J) = P (K)# (−P )(−J) is described as shown in Figure 7 . Let C denote the (unoriented) center line of V and boundary connected sum. We start from deforming P #(−P ) into parallel copies of C#C and in V V . (1) S has genus zero, (2) S ∩ (V V ) × {0} = P #(−P ), and (3) S ∩ (V V ) × {1} is isotopic to finitely many parallel copies of C#C with a certain orientation.
Proof. Identifying S 1 with R/Z and V with S 1 ×[−1, 1]×[1/2, 1] respectively. After an isotopy of P , we can regard P as an proper embedding P :
for some n ∈ Z >0 , (3) P (t) = (t, 0, 3/4) for any t ∈ [1/4, 3/4], and (4)
Roughly speaking, the above conditions mean (1) respectively. Next, for two copies V i of V (i = 1, 2), we consider a diffeomorphism
so that f | V1 (r, s, t) = (r, s, t) and f | V2 (r, s, t) = (r, s, −t) respectively. In particular, V 1 and V 2 are identified with
and
respectively. Here, boundary connected sum V 1 V 2 is thought of as a disjoint union V 1 V 2 with the 1-handle
(See Figure 8 . Note that V 1 V 2 is the complement of the yellow region.) Figure 8 .
Then, the embedded circle P #(−P ) : S 1 → V 1 V 2 is described as 
for i = 1, 2, and
where p i denotes the i-th projection of
. Indeed, we can verify concretely that the boundary of R is equal to P #(−P ). Moreover, any singularity of R is contained in {r} × {s} × (−1, 1) , where (r, s) is the coordinate of a double point on the regular projection (p 1 × p 2 ) • P (S 1 ). Let 1/2 < t 1 < t 2 < 1 be the 3rd coodinate of points in (p 1 × p 2 ) −1 (r, s) ∩ P (S 1 ). Then the singularity of R in {r} × {s} × (−1, 1) is equal to {r} × {s} × [−t 1 , t 1 ], which is contained in {r} × {s} × [−t 2 , t 2 ] ⊂ R. Therefore, any singularity of R is ribbon.
Let R := R ∩ V 1 V 2 . Then ∂R consists of P #(−P ) and n parallel copies of ∂([−ε/2, ε/2] × {0} × [−1/2, 1/2]) (with a certain orientation). It is not hard to see that ∂([−ε/2, ε/2] × {0} × [−1/2, 1/2]) is isotopic to the connected sum of the longitude of V in ∂(V V ), and hence it is isotopic to C#C in V V . Since R is a ribbon surface, we can construct a cobordism S in (V 1 V 2 ) × [0, 1] from P #(−P ) to n times parallel copies of C#C, which is homeomorphic to R . Proof. We can extend the embedding of P #(−P ) shown in Figure 7 to V V , as shown in Figure 10 . By using the cobordism in Claim 1, we have a cobordism in S 3 × [0, 1] with genus zero which connects P (K)# −P (J) to the link shown in Figure 11 . Furthermore, it follows from elementary handle calculus that the link in Figure 11 is isotopic to the (n, 0)-cable of K#(−J) for some positive integer n. By attaching a 0-framed 2-handle along K#(−J) ⊂ S 3 × {1} and capping off the cable (K#(−J)) n,0 with n parallel copies of the core of the 2-handle, we obtain a disk in W 0 (K#(−J)) with boundary − P (K)# −P (J) ⊂ −(S 3 × {0}).
Attach a (−1)-framed 2-handle to W 0 (K) along − P (K)# (−P (−J) ⊂ −(S 3 × {0}), and cap off the disk in Claim 2 with the core. Then the self-intersection of the resulting sphere is −1, and hence we can blow down the sphere. Let W denote the resulting cobordism. Then we can see that ∂W = −S Finally, we prove Corollary 1.8.
Proof of Corollary 1.8. If D denotes the image of the meridian disk of V by the embedding e n , then it is easy to see that D intersects P (K, n) in its interior, lk(P (K, n), D) = w(P ) and P (K, n) is deformed into P (K, n + 1) by a positive full-twist along D.
We first suppose that w(P ) = 0 or 1. Let x ∈ C ν + , the symbol K denote a representative of x and m, n integers with m < n. Then, by applying Theorem 1.6 to the pair (P (K, m), D) repeatedly, we have P m (x) = [P (K, m)] ν + ≥ [P (K, m + 1)] ν + ≥ . . . [P (K, n)] ν + = P n (x).
Next we suppose that w(P ) ≥ 3 and the geometric intersection number between the pattern P and the meridian disk of V is equal to w(P ). Then the embedding e n preserves the number of intersection points, and hence the geometric intersection number between D and P (K, n) is also equal to n. By applying Theorem 1.6 to the pair (P (K, n), D) repeatedly, we have P m (x) = [P (K, m)] ν + < [P (K, m + 1)] ν + < [P (K, n)] ν + = P n (x).
